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Recent released WMAP data show a low value of quadrupole in the CMB temperature fluc-
tuations, which confirms the early observations by COBE. In this paper, a scenario, in which a
contracting phase is followed by an inflationary phase, is constructed. We calculate the perturba-
tion spectrum and show that this scenario can provide a reasonable explanation for lower CMB
anisotropies on large angular scales.
PACS numbers: 98.80.Cq, 98.70.Vc
Recently the high resolution full sky Wilkinson Mi-
crowave Anisotropy Probe (WMAP) data [1, 2, 3, 4, 5]
have been released and it is shown that the data is
consistent with the predictions of the standard concor-
dance ΛCDM model. However, there remain two in-
triguing discrepancies between WMAP observations and
the concordance model. The data predict a high reion-
ization optical depth[6][7] and a running of the spectral
index[4], as claimed by WMAP team. The need of a
running has been studied widely[8, 9, 10, 11] and many
inflation models with large running of a spectral index
have been built [12, 13]. Another surprising discrepancy
comes from the low temperature-temperature(TT) corre-
lation quadrupole, which has previously been observed by
COBE[14]. It is pointed out by Ref.[9] that there might
be some connection between the need for running of the
spectral index and the suppressed CMB quadrupole, and
the significance of the low multipoles has been discussed
widely in the literature[15].
Several possibilities to alleviate the low-multipoles
problem have been discussed in the literature[16, 17, 18,
19]. One straightforward way is to build suppressed pri-
mordial spectrum on the largest scales[9]. This can also
lead to other observable consequences[20, 21]. In the
framework of inflation, changing the inflaton potential
and the initial conditions at the onset of inflation have
been proposed [17]. For the latter case, the inflaton has
to be assumed in the kinetic dominated regime initially.
Since there are no primordial perturbations exiting the
horizon in such a phase, the inflation[19] or contracting
phase before kinetic domination should be required.
In this paper we consider a scenario where a contract-
ing is followed by an inflationary phase and study its
implications in suppressing CMB quadrupole. For a con-
tracting phase with a kinetic domination, the primordial
perturbations exiting the horizon can be obtained similar
to that of Pre Big Bang (PBB) scenario [22](for a review
see [23]). The PBB scenario is regarded as an alterna-
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tive to the inflation scenario, but its spectrum is strongly
blue and does not provide the nearly scale-invariant per-
turbation spectrum implied by the observations by the
evolution of background field. In the literature there
are some proposals of alternatives for seeding the nearly
scale-invariant spectrum in the contracting phase. In ad-
dition to the ekpyrotic/cyclic scenario [24], there is a pos-
sibility to seed a scale-invariant spectrum [25] in which
the pressureless matter is used. For the expanding phase,
in addition to the usual inflation scenario, a slowly ex-
panding phase may also be feasible [26]. In general the
cut-off of primordial power spectrum [9] may indicate a
matching between different phases during the evolution
of the early universe.
In this paper we will calculate the perturbation spec-
trum in the model with a contracting phase followed by
an inflation and fit it to the WMAP data. Our results
show that this scenario can provide a reasonable expla-
nation for the observed low CMB anisotropies on large
angular scales.
Consider a generic scalar field with lagrangian
L = −1
2
(∂µϕ)
2 − V (ϕ). (1)
For the spatially homogeneous but time-dependent field
ϕ, the energy density ρ and pressure p can be written
respectively as
ρ =
1
2
ϕ˙2 + V (ϕ), p =
1
2
ϕ˙2 − V (ϕ). (2)
The universe, described by the scale factor a(t), satisfies
the equations
h2 =
8piG
3
(
1
2
ϕ˙2 + V (ϕ)
)
, (3)
and the equation of motion of the scalar field is
ϕ¨+ 3hϕ˙+ V ′(ϕ) = 0, (4)
where h = a˙
a
is the Hubble parameter.
For the universe in the contracting phase, we have
h < 0. In this case, 3hϕ˙ is anti-frictional, and instead of
2damping the motion of ϕ in the expanding phase it accel-
erates the motion of ϕ. Thus if the time is long enough,
a scalar field initially in a flat part of the bottom of the
potential will roll up along the potential. During this
process,
1
2
ϕ˙2 ≫ V (ϕ), (5)
and
ϕ¨+ 3hϕ˙ ≃ 0. (6)
To match our observational cosmology, one requires a
bounce from the contracting phase to the expanding
phase. In the literature there have been several proposals
for such a nonsingular scenario with the realization of the
bounce, for instance, from a negative energy density fluid
[28] or the curvature term [29] around the transition, or
some higher order terms stemming from quantum cor-
rections in the action [30, 31]. After the bounce, since
h > 0, 3hϕ˙ becomes frictional and serves as a damping
term. Thus the motion of ϕ decays quickly. When the
velocity of ϕ is 0, it reverses and rolls down along the po-
tential driven by V ′(ϕ), and enters the slow-roll regime in
which the universe is dominated by the potential energy
of the scalar field
1
2
ϕ˙2 ≪ V (ϕ), (7)
and
3hϕ˙+ V ′(ϕ) ≃ 0. (8)
In general there exist two regimes in this scenario 1.
For the regime before the bounce, the equation of state
of the background is p ≃ ρ, consequently we have
a(t) ∼ (−t) 13 , (9)
while for the slow-roll regime after the bounce, p ≃ −ρ,
so the evolution of the scale factor is given by
a(t) ∼ exp (t). (10)
For convenience of the calculations on the perturbation
spectrum, we define dt = adη where η is the conformal
time. For both phases, we have
a(η) ∼ (−η) 12 , a(η) ∼ (−η)−1 (11)
and
H = a
′
a
, (12)
1 A similar scenario have been proposed [27] in which the form
∼ ϕ
n of the potential has been studied numerically and two
regimes, i.e. p = ρ for the contracting phase and p = −ρ for the
expanding phase, have been found.
where the prime denotes the derivative with respect to
η. For simplify, we neglect the details of the bounce and
focus on an instantaneous transition between a kinetic-
dominated contracting phase and a nearly de Sitter
phase. We set η = 0 and a = 1 at the moment of transi-
tion for the matching, thus we have
a ≃
√
1− 2H0η , η ≤ 0 (13)
a ≃ 1
1−H0η , η ≥ 0 (14)
where H0 is the physical Hubble constant during the in-
flationary phase.
Now we study the metric perturbations of the model.
Working in the longitudinal gauge the scalar perturba-
tions responsible for the observed large angle CMB tem-
perature anisotropies can be written as [32]
ds2 = a2(η)(−(1 + 2Φ)dη2 + (1 − 2Φ)δijdxidxj), (15)
where Φ is the Bardeen potential [33]. For the
Mukhanov-Sasaki variable[34], one has
v ≡ a
(
δϕ+
ϕ′
HΦ
)
≡ zζ, (16)
where ϕ is the background value of the scalar field and δϕ
denotes the perturbations of the scalar field during the
periods of both phases, contraction and inflation, and ζ is
the curvature perturbation on uniform comoving hyper-
surface, z ≡ aϕ′
H
. In the momentum space, the equation
of motion of vk is
v′′k +
(
k2 − z
′′
z
)
vk = 0. (17)
For the contracting phase before inflation,
z′′
z
≃ a
′′
a
≃ −H
2
0
(1− 2H0η)2 . (18)
When k2 ≫ z′′
z
, the fluctuations are in their Minkowski
vacuum, which corresponds to
vk ∼ 1√
2k
e−ikη, (19)
thus
vk(η) =
√
pi(1 − 2H0η)
8H0
H
(2)
0
(
−kη + k
2H0
)
, (20)
where H
(2)
0 is the second kind of Hankel function with 0
order. For the nearly de Sitter phase,
z′′
z
≃ a
′′
a
≃ 2H
2
0
(1 −H0η)2 , (21)
3thus
vk(η) =
√
−kη + kH0(
C1H
(1)
3
2
(−kη + kH0 ) + C2H
(2)
3
2
(−kη + kH0 )
)
,(22)
where H
(1)
3
2
and H
(2)
3
2
are the first and second kind of
Hankel function with 32 order respectively, C1 and C2
are k-dependent functions, which are determined by the
matching conditions between two phases.
In general, the details of the dynamics governing the
bounce determines the matching conditions for the cal-
culations of the spectrum, which specifically depends on
whether the curvature perturbation ζ on uniform comov-
ing hypersurface or the Bardeen potential Φ passes reg-
ularly through the bounce [35]( see also [29, 36, 37, 38]).
For a bounce scenario like PBB with higher order cor-
rection terms, it has been shown to the first order in
α′[39, 40] on the continuity of the induced metric and
the extrinsic curvature crossing the constant energy den-
sity matching surface between the contracting and the
expanding phase, i.e. ζ (thus v) passes regularly through
the transition. From the matching condition at the tran-
sition point η = 0, i.e. the continuity of v and v′ implies
that
C1 =
√
pi
32H0 e
−ik
H0 ((1− 2H
2
0
k2
− 2H0
k
i)H
(2)
0
(
k
2H0
)
+(
H0
k
+ i)H
(2)
1
(
k
2H0
)
), (23)
C2 =
√
pi
32H0 e
ik
h ((1− 2H
2
0
k2
+
2H0
k
i)H
(2)
0
(
k
2H0
)
+(
H0
k
− i)H(2)1
(
k
2H0
)
), (24)
where H
(2)
0 and H
(2)
1 are the second kind of Hankel func-
tion with 0 and 1 order respectively. The spectrum of
tensor perturbation is
Pg =
k3
2pi2
|v
a
|2, (25)
for η → 1/H0. Substituting (22), (23) and (24) into (25),
we obtain
Pg =
H20
2pi2
k|C1 − C2|2. (26)
Since the spectrum freezes during slow-rolling inflation,
the scalar spectrum can be obtained via the consistency
condition Ps = Pg/r, where r is a constant. We made a
numerical check and find this is a good approximation.
For k ≪ H0, the Hankel function can be expanded in
term of a large variable, thus we have approximately
Ps ∼ k3 (27)
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FIG. 1: The power spectrum Pgas a function of
k
H0
. The
x-axe is k
H0
, and the y-axe is Pg/
(
H0
2pi
)2
.
on large scale, which is the usual result of PBB scenario.
For k ≫ H0, the Hankel function can be expanded in
term of a small variable, thus we obtain
Ps ∼ k0 (28)
on small scale, which is the result of inflation scenario.
This is because the large k modes are inside the horizon
during the contracting phase and are not quite insen-
sitive to the background at this stage. Thus when they
cross the horizon during inflation after the transition, the
nearly scale-invariant spectrum can be generated by the
evolution of the background during inflationary phase. In
Fig.1 we plot Pg in (26) as a function of
k
H0
. We see that
for k ∼ H0 the amplitude of the spectrum oscillates and
for k ≪ H0 it decreases rapidly and gets a cutoff. There-
fore for an appropriate choice of the e-folds number of
inflation, it is possible to suppress the lower multipoles
of the CMB anisotropies.
Now we fit the resulting primordial spectra to the cur-
rent WMAP TT and TE data. In our model the suf-
ficient contraction makes the universe flat, so we take
Ωk = 0. We vary grid points with ranges [0.65, 0.75],
[0.021, 0.024], [0.12, 0.16], [0.05, 0.3] and [0, 0.001] Mpc−1
for h, Ωbh
2, Ωcdmh
2, τ and H0 respectively. At each
point in the grid we use subroutines derived from those
made available by the WMAP team to evaluate the like-
lihood with respect to the WMAP TT and TE data
[3]. The overall amplitude of the primordial perturba-
tions has been used as a continuous parameter. Ten-
sor contribution has not been considered since r can
be very small. We get a minimum χ2 = 1428.2 at
h = 0.73, Ωbh
2 = 0.024, Ωcdmh
2 = 0.116, τ = 0.2 and
H0 = 2.0 × 10−4 Mpc−1. We also run a similar code
for the scale invariant spectrum for comparison and get
a minimum χ2 = 1429.7 at h = 0.73, Ωbh
2 = 0.024,
Ωcdmh
2 = 0.116 and τ = 0.2. This means our primordial
spectrum is favored at > 1.1σ than the scale invariant
spectrum in our realization. H0 can be given in our fit
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FIG. 2: CMB anisotropy and two-point temperature corre-
lation function for the scale invariant spectrum and the spec-
trum with a cutoff. Left: From left top to bottom, the lines
stand for scale invariant spectrum, spectrum with a cutoff
with H0 = 2.1, 3.1 and 4.1 × 10
−4 Mpc−1. Other parame-
ters are fixed at h = 0.73, Ωbh
2 = 0.023, Ωcdmh
2 = 0.117
and τ = 0.2. Right: From right top to bottom,the lines
stand for scale invariant spectrum, spectrum with a cutoff
with H0 = 2.1, 3.1 and 4.1 × 10
−4 Mpc−1 and the WMAP
released data.
with H0 . 5.0 × 10−4 Mpc−1. However as we have set
a = 1 at the transition scale instead of today, the ex-
act physical energy scale during the transition cannot
be known due to the uncertainty in the number of e-
folding and details of reheating[41, 42]. In Fig. 2 we
show the resulting CMB TT multipoles and two-point
temperature correlation function for the scale invariant
spectrum and our spectrum with a cutoff in our param-
eter space. One can see that the resulting CMB TT
quadrupole and the correlation function at θ & 60◦ can
be much better suppressed for spectrum with a cutoff
than in the scale invariant case. It is noteworthy that
the uncertainty by cosmic variance plays an significant
role around the smallest CMB multipoles, which is much
larger than WMAP’s instrumental noise. WMAP team
predicts an extremely low TT quadrupole δT2 = 123µK
2.
Meanwhile the best fit power law and running-spectral
index ΛCDM model predict δT2 = 1107 and 870 µK
2
respectively[1]. Our cutoff spectrum can give δT2 as
low as 620 µK2. It is not yet compatible with WMAP
quadrupole within cosmic variance limit since the lowest
δT2 is 620× (1−
√
2/5) ∼ 228 µK2. However as claimed
by Efstathiou[43] the pseudo-Cl estimator used by the
WMAP team might be non-optimal and the quadrupole
is found to lie between 176 and 250 µK2 and more likely
to be at the upper bound of the range. Thus our model
can be actually workable and future WMAP data may
present a more presice check.
In summary, we construct a scenario in which a con-
tracting phase is matched to an inflationary phase in-
stantaneously. We calculate the spectrum of the scalar
perturbation and find that the power spectrum on large
scale is suppressed due to ∼ k3, which is the usual result
of PBB scenario, and on small scale the nearly scale-
invariant spectrum of inflation is recovered. Thus our
scenario can provide a reasonable explanation for lower
CMB anisotropies on large angular scales. Although in
our proposed scenario, we neglect the physical details of
the bounce, the results obtained by us reflect the generic
feature of model in which the inflation phase follows the
contracting phase of PBB. In our scenario, we not only
obtain the suppressed lower multipoles, which is con-
nected with the physical detail of PBB and bounce, but
also avoids the initial singularity by the bounce. Fur-
thermore, our scenario makes an attempt to improve the
PBB scenario on the graceful exit problem with a period
of inflation, which is worth studying further.
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